In this paper new fracture control parameters for Nickel-Titanium (NiTi) based shape memory alloys (SMAs) are proposed, based on a recent literature analytical model on fracture mechanics of SMAs. In fact, the stress induced martensitic transformation, occurring in the crack tip region of NiTi alloys, causes a complex and unusual stress distribution with respect to common engineering materials. For this reason two different stress intensity factors (SIFs) have been defined to describe the stress distribution in both transformed and untransformed regions, i.e. in the martensitic and austenitic phases, respectively. Systematic studies have been carried out to analyze the effects of the main thermo-mechanical parameters of NiTi alloys on the two proposed SIFs, i.e. on the crack tip stress distribution, and comparisons with linear elastic fracture mechanics have been illustrated. Finally, the proposed model was used to analyze different loading conditions of a commercial superelastic NiTi alloys, which demonstrated a marked effect of the temperature on the crack tip stress distribution.
Introduction
Nickel-Titanium (NiTi) based shape memory alloys (SMAs) have seen increasing number of applications in many fields of engineering and medicine in the last years (Otsuka and Wayman, 1998) and, consequently, a great interest has been devoted from the scientific community to this class of materials. In fact, many research reports have been published on SMAs in the last decades which demonstrate the intense activities from many researchers, mainly operating in the field of engineering and material science. In particular, many aspects related to the mechanical and functional behavior of NiTi alloys have been deeply analyzed, as well as the effects of thermo-mechanical treatments and of micro-structural properties (Otsuka and Ren, 2005) . These results are of great interest as functional behaviors of NiTi alloys are affected by their thermomechanical history, therefore great attention should be devoted during production of NiTi components, and proper design criteria must be used for a long-term functional and structural life. To this aim, several numerical models have been developed (Paiva and Savi, 2006) which are able to predict both the mechanical and functional properties of NiTi based components, and they can be used as effective design tools. Furthermore, the great interest from medicine, and in particular from cardiovascular surgery, has given a great impulse to analyze the mechanical performances of NiTi alloys under severe loading and environmental conditions. For these reasons, some recent studies have been carried out to analyze the structural life of NiTi alloys under fatigue loading conditions, as well as to investigate the effects of micro and macro flaws on the mechanical strength. From a material science point of view these topics are of great interest and much research must be carried out to develop analytical and/or semi-empirical models, which allow reliable and safe design of NiTi based components, especially in the field of cardiovascular surgery where a failure could represent a dramatic and irreparable event. In fact, the well known theories to predict the evolution of cracks in common engineering materials as well as the failure modes, under static or variable loading conditions, cannot be applied to NiTi alloys due to their unique features and constitutive behavior. In particular, the high value of local stresses arising near geometric discontinuities or cracks causes microstructure modifications, i.e. martensite reorientation or stress-induced martensitic transformation (SIM). As a result, it is widely accepted from the scientific community that SIM plays an important role on fracture properties of NiTi alloys, as it significantly changes the crack tip stress distribution with respect to common engineering metals. To better understand the role of SIM on crack tip stress distribution some numerical studies have been carried out (Maletta et al., 2009b; Wang, 2006; Wang et al., 2005 Wang et al., , 2010 , by using commercial finite element codes, and the effects of various thermo-mechanical parameters and loading conditions have been investigated. In addition, a cohesive zone model has been developed by Freed and Banks-Sills (2007) to analyze the effects of the SIM on crack growth resistance in NiTi alloys, as well as to simulate the effects of the wake of the crack, which is mainly associated with the reverse martensitic transformation occurring during crack propagation. This latter mechanism was also experimentally demonstrated by infrared thermographic observations (Gollerthan et al., 2009b) , carried out during in-situ loading of miniature compact tension specimens. Furthermore, some experimental studies have been carried out with the aim to analyze the formation and propagation of cracks under cyclic loading conditions (Gall et al., 2008; Ritchie, 2007, 2008) as well as to investigate the mechanical behavior of cracked components under static loadings (Chen et al., 2005; Daymond et al., 2007; Gall et al., 2001; Gollerthan et al., 2008 Gollerthan et al., , 2009 Maletta et al., 2009a) . In particular, in some of these works (Gollerthan et al., 2008 (Gollerthan et al., , 2009 ) the fracture properties of SMAs have been analyzed by modified standard samples and procedures, normally employed for common metals, and by using linear elastic fracture mechanics (LEFM) concepts, i.e. the well known fracture toughness parameter. Furthermore, synchrotron diffraction experiments (Daymond et al., 2007; Gollerthan et al., 2009; were carried out during in situ fracture tests, which demonstrated the formation of stress-induced martensite in front of cracks, and the evolution of microstructure during crack grow was also observed by scanning electron microscope (Gollerthan et al., 2009 ). In addition, NiTi alloys with and without pseudoelastic capabilities have been analyzed, to better understand the role of crack tip phase transformation on the fracture toughness (Gollerthan et al., 2009 ). Due to the aforementioned limitations in using classical theories on fracture mechanics for SMAs, some analytical models have been developed (Birman, 1998; Maletta and Furgiuele, 2010; Xiong and Liu, 2007; Yi and Gao, 2000; Yi et al., 2001) , where the main features and constitutive behavior of these alloys are included, with the aim to predict the extent of the transformed region as well as the crack tip stress distribution. In particular, a simple model to estimate the extent of crack tip transformed martensite has been proposed by Birman (1998) , which is based on linear elastic fracture mechanics concepts. Other models, based on the Eshelby inclusion method (Eshelby, 1957) , have been developed by Yi and Gao (2000) and Yi et al. (2001) to predict the crack tip stress singularities. More recently, an analytical model which is able to describe both the transformation behavior and the stress distribution near the crack tip in NiTi alloys was developed by the authors Maletta and Furgiuele (2010) , which is based on modified fracture mechanics relations and was also validated by finite element simulations. In this paper a systematic study on crack tip stress distribution of NiTi alloys is illustrated, based on the reference model (Maletta and Furgiuele, 2010) , in order to define proper fracture control parameters. In particular, two fracture parameters have been defined, based on the well known relation to calculate the stress intensity factor (SIF) in LEFM, in order to describe the whole crack tip stress distribution, i.e. in both austenitic and full martensitic regions. The limitations of the model have been also analyzed based on a modified condition of small scale yielding in elastic plastic materials. Furthermore, systematic comparisons with the SIF for linear-elastic materials have been carried out, to better understand the effects of the stress-induced phase transformation. Finally, the effects of the main thermo-mechanical parameters of NiTi alloys, as well as of the temperature, on the crack tip stress distribution have been analyzed.
Constitutive behavior of superelastic NiTi alloys
As an example in Fig. 1 the typical stress-strain curve of a Ni rich NiTi alloy, which exhibits a superelastic behavior, is illustrated together with the main thermo-mechanical parameters. The curve was measured in a previous investigation (Maletta et al., 2009a) under isothermal uniaxial monotonic loading condition, by using a commercial Ni-49.2 at.% Ti alloy (Type S, Saes Getters).
As well known, Fig. 1 shows that when increasing the applied stress a linear elastic response of the austenitic structure is first observed, with Young's modulus E A ; subsequently, a stress-induced martensitic transformation (SIM) occurs at an almost constant transformation stress, namely r tr , which causes large transformation strain, namely e L . It is worth noting that e L can be regarded as a material constant while r tr can be expressed as a function of the temperature, T, according to the Clausius-Clapeyron relation:
where r tr 0 is the transformation stress at the reference temperature T 0 and b M is a material constant. If the stress is further increased beyond r tr the martensitic structure behaves like a common engineering metal, i.e. it exhibits a linear elastic response, with Young's modulus E M , yielding and, finally, complete failure. It is important to point out that if the stress is decreased before martensite yielding the material is able to recover its original shape by a reverse transformation from martensite to austenite, through the well known superelastic stress-strain hysteretic behavior. However, the hysteresis is not taken into account in this investigation, as the fracture toughness is normally measured by monotonic loads to fracture. Furthermore, it is worth noting that the stress strain behavior of superelastic NiTi alloys could change significantly after cold working processes and even after repeated mechanical cycles carried out within the limits of superelasticity, i.e. without exceeding the transformation plateau, as it was measured previously (Maletta et al., 2009c) by using the same alloy of Fig. 1 . In fact, due to some irreversible microstructural changes occurring during mechanical cycling, mainly attributed to the formation of stabilized martensite, the stress-strain response of the alloy changes, i.e. the slope of the stress-strain transformation curve increases and, consequently, the stress for the onset of stress induced transformation decreases. As a direct consequence of this microstructure evolution also a modification of the Young's moduli of austenite and martensite (E A and E M ) could be observed. In addition, it is important to point out that the Young's modulus E M reported in Fig. 1 , does not represent the true Young's modulus of martensite, which is much stiffer than that of austenite, as the slope E M is actually a combination of the elastic response of the martensite and of a small amount of strain which accumulates during the phase transformation, plastic deformation, grain reorientation and detwinning or reorientation of martensite variants. However, the effects of fatigue mechanical cycles on the evolution of the material properties were not taken into account in the present study, and the typical uniaxial stress-strain curve of a common superelastic NiTi alloy, under its supply conditions, has been considered to develop the proposed model.
Crack tip stress distribution and martensitic transformation in SMAs
Some basic concepts of linear elastic fracture mechanics (LEFM) together with a summary description of the model by Maletta and Furgiuele (2010) are reported in this section for the sake of completeness. Furthermore, the main differences between fracture mechanics in common engineering metals and NiTi based shape memory alloys are highlighted. The crack tip stress components, r ij , under mode I loadings, based on LEFM theory, can be written as a function of the cylindrical coordinates, r and #, as follows:
where K I is the mode I stress intensity factor (SIF) and f ij (#) are wellknown trigonometric functions of the angle #. K I can be expressed as a function of the crack length and applied stress, a and r 1 , respectively, as follows:
where b is a geometric factor. In the case of an infinite plate with a trough thickness central crack of length 2a, subjected to mode I loading with the applied stress r 1 , the factor b is equal to 1 and K I can be regarded as the applied or remote stress intensity factor, namely K 1 I , because it does not depend neither on the material properties nor on the geometric configuration of the cracked structure:
The applied SIF is used in the following for comparative analyses between linear-elastic materials and NiTi alloys. As schematically illustrated in Fig. 2 , the stress induced martensitic transformation (SIM), occurring near the crack tip of NiTi alloys, as a consequence of the high values of local stresses, causes a complex stress distribution with respect to linear elastic materials. In particular, when the equivalent stress, r e , exceeds the transformation stress, r tr , three different regions are observed near the crack tip:
(1) Austenitic or untransformed region for r > r A , i.e. for r e < r tr .
(2) Transformation zone for r M 6 r 6 r A , i.e. for r e % r tr .
(3) Martensitic or fully transformed region for r < r M , i.e. for r e > r tr where r M and r A , namely martensitic and austenitic radius, define the extent of the transformation region for # = 0. Fig. 2 shows that two different stress equations must be used to describe the stress distribution in the austenitic and martensitic regions. In particular, Eq. (5) gives the expression of the principal stress component for # = 0 in the austenitic region, namely r Ai (r), under plane stress conditions according to the reference model (Maletta and Furgiuele, 2010) :
r A3 ðrÞ ¼ 0
where the subscripts 1, 2 and 3 indicate the principal stress directions for # = 0. The stress equation r A was obtained by a modified
Irwins correction (Irwin, 1960) of the LEFM, i.e. by using effective crack length, and SIF, namely a e and K Ie (see Fig. 2) :
where the distance Dr is given by:
with r Ã ¼ 1 2p
The stress distribution in the martensitic region, according to Maletta and Furgiuele (2010) , was obtained by modified relations for bilinear materials (Duva, 1988) , as schematically shown in Fig. 3 . This figure shows a qualitative comparison between uniaxial stress-strain curve of a superelastic SMA and a bilinear material having the elastic modulus and tangent modulus equal to E A and E M , respectively. It is clearly illustrated that the only difference between the curves of the two materials consists in the stress-strain transformation plateau and, consequently, the strain components in the martensitic transformed region of the SMA are obtained from the relation for bilinear materials by considering the components of the transformation strain tensor, namely e tr ij . This latter can be obtained from the uniaxial transformation strain, e L , by the von Mises equivalent strain, e e , and the corresponding principal components, under plane stress conditions, are given by: Fig. 2 . Schematic depiction of the stress distribution and phase transformation in the crack tip region of NiTi alloys. 
The principal stress components in the martensitic region for # = 0, namely r Mi (r), can be obtained by equating the strain components into the martensitic and austenitic regions and are given by:
where a represents the Young's modulus ratio, a = E M /E A . However, the extent of the transformation region, in terms of austenitic radius r A , is required to calculate the stress distribution, as clearly reported in Eqs. (5)- (9). According to (Maletta and Furgiuele, 2010) , the extent of the transformation region, in terms of r M and r A , can be calculated by the following equations:
It is worth noting that r tr in Eqs. (13), (15), (16) can be expressed as a function of the temperature T according to the Clausius-Clapeyron relation (Eq. (1)). Furthermore, due to the plane stress assumptions, the model can be used to predict the crack tip stress distribution and transformation zone in thin structures, i.e. in the case of small values of the thickness to the crack length ratio (t/a).
Stress intensity factors in NiTi alloys
Two different SIFs are defined in this section to describe the stress distribution in both transformed and untransformed regions, based on the following well known LEFM relation:
In particular, the austenitic SIF, namely K IA , and the martensitic or crack tip SIF, namely K IM , are calculated from the stresses r A and r M (Eqs. (5) and (13)), by using Eq. (17). In particular, the austenitic SIF, K IA , can be directly obtained from Eqs. (5) and (17) by considering the distance from the effective crack tip ðr ¼ r À DrÞ, according to the Irwin assumptions:
while the martensitic SIF, K IM , can be obtained from Eqs. (13) and (17):
Eq. 15 shows that K IM is a function of K Ie , which can be also regarded as K IA , and of the Poisson's ratio and Young's modulus ratio a = E M / E A . However, it is worth noting that the knowledge of the extent of transformation region, in terms of r A , is required to calculate both K IA and K IM and an iterative approach is required to calculate these parameters, similarly to the Irwin's correction commonly applied in elastic-plastic materials, as illustrated in the following section. It is worth noting that the applicability of the proposed method is limited by similar conditions commonly applied for elastic-plastic materials, as the stress distribution near the crack tip is determined by a modified Irwin's correction. In particular, a characteristic length, in terms of the size of the fracture process zone, should be identified according to the non linearities arising near the crack tip of SMAs as a consequence of the stress-induced martensitic transformation. As well known, for common engineering metals the fracture process zone encloses the plastic zone around the crack tip, which modifies the stress distribution with respect to the linear elastic theory and, consequently, the SIF (K) is not valid. In particular, the condition under which K can be used is known as small scale yielding condition and it can be expressed in terms of specimen or component dimensions as also suggested by ASTM standard E 399-90 for fracture toughness measurements:
Computational issues and limitations
where a is the length of the crack, B and W are the thickness and the width of the specimen, respectively, S y is the yield strength of the material, and c is a constant factor normally chosen in the range between 2.5 and 3. It is worth noting that, the condition on the minimum thickness B can be regarded as a plane strain condition, which is required for fracture toughness measurements according to the ASTM standard E 399-90. However, this latter condition could be violated in some practical cases but similar constraints to Eq. (20) would be applied to the other geometrical parameters. Furthermore, the term at the right-hand side of Eq. (20) can be regarded as pc times the plastic radius, r p , under plane stress conditions; on the other hand this latter is 2 times the characteristic radius r ⁄ of Eq.
(10) (with S y instead of r tr ).
Based on the aforementioned considerations a ''small scale transformation condition'' could be defined when considering a SMA, where the fracture process zone could be expressed as a function of the extent of the transformation region, in terms of the austenitic radius r A , as schematically shown in Fig. 2 . To this aim the austenitic radius r A of Eq. (16) should be compared with the plastic radius, r p , of an equivalent elastic-plastic material having the yield strength S y equal to the transformation stress r tr . The austenitic radius r A depends on a number of thermo-mechanical parameters of the SMA as well as on the temperature, due to the Clausius-Clapeyron relation (Eq. (1)), but it is always smaller than the plastic radius r p of the equivalent elastic-plastic material, which can be regarded as the first term (2r The figure clearly shows that r A tends asymptotically to r p = 2r ⁄ (r A /2r
, when e L ? 1 and when r tr ? 0. Furthermore, it is worth noting that the effects of r tr can be also regarded as the effects of the temperature, according to the Clausius-Clapeyron relation, therefore the small scale transformation condition depends on this latter parameter. In particular, r A decreases, with respect to the plastic radius in the equivalent elastic-plastic material r p , when increasing the temperature. Finally, based on the aforementioned discussions the classical small scale yielding condition for an elastic-plastic material having a yield strength equal to r tr can be conservatively applied to the SMA, as the process zone due to phase transformation in SMAs is always smaller than that due to the plastic deformations in common engineering metals.
Results and discussion
In this section the effects of the main thermo-mechanical parameters of NiTi alloys as well as of the testing temperature, on both austenitic and martensitic stress intensity factors, K IA and K IM , are discussed. Fig. 6 shows the values of K IA and K IM , normalized with respect to the applied SIF K 1 I , as a function of the transformation strain, e L , and for different values of the transformation stress, r tr , for an alloy with m = 0.3, E A = 40 GPa and E M = 20 GPa, i.e. with a = 0.5. Note that the same curves are used to represent K IA and K IM , as K IM /K IA is a constant depending on the elastic properties of the alloy, as shown in Eq. (19). The figure illustrates that both K IA and K IM increase with increasing the transformation strain, and this effect is more evident when decreasing the transformation stress, as a direct consequence of the increase of the transformed region near the crack tip (Maletta and Furgiuele, 2010 The effects of the elastic properties of the two phases are illustrated in Fig. 7 , where K IA =K It is worth noting that the fracture always occurs in the transformed martensitic region near the crack tip (Gollerthan et al., 2009) , i.e. where the stress distribution is completely described by the martensitic SIF K IM , therefore this latter can be regarded as a suitable fracture control parameter. As a consequence, Figs. 6 and 7 indicate that the crack tip stress induced transformation has a toughening effect, as a decrease of the crack tip SIF K IM , with respect to the applied SIF K 1 I , is always observed. In particular, Fig. 6 indicates that the toughening effect is greater when decreasing e L and when increasing r tr . Furthermore, Fig. 7 shows that the toughening effect increases when reducing the Young's modulus ratio a. However, while E A , E M and e L can be kept almost constant with the temperature, T, the transformation stress, r tr , is strongly affected by the temperature according to the Clausius-Clapeyron relation, as reported in Eq. (1). Fig. 8 , illustrates the effects of the testing temperature on both K IA and K IM for a commercial superelastic NiTi alloy, of which the stress strain curve and thermo-mechanical parameters are illustrated in Fig. 1 .
In particular, the Fig. 8 shows that a decrease of both K IA and K IM is observed when increasing the temperature, as a direct consequence of the increase of the transformation stress, as shown in Fig. 6 . In particular, a reduction of about 20% is observed in the temperature range between 273 K and 343 K, which correspond to a range of transformation stress between about 90 MPa and 800 MPa. However, K IA and K IM decrease rapidly from 273 K to 290 K, while a small variation, i.e. of about 2%, is observed when the temperature is above 290 K. This effect is a direct consequence of the increase of the transformation stress with increasing the temperature, which causes a marked reduction of the transformation region, as discussed in Maletta and Furgiuele (2010) , and, consequently, K IA approaches to the applied SIF K 1 I , i.e. the alloy behaves like a linear elastic material. Furthermore, it is worth noting that the temperature range is limited by a lower bound, T min , which theoretically corresponds to a transformation stress equal to zero, and by an upper bound T max = M d , which represents a characteristic maximum temperature for stress induced transformation.
Conclusions
New fracture control parameters for Nickel-Titanium (NiTi) based shape memory alloys (SMAs) have been defined in this paper, based on the stress intensity factor (SIF) in linear elastic fracture mechanics and on a recent analytical model on crack tip stress-induced transformation in SMAs. In particular, two SIFs have been defined, one to describe the stress field in the austenitic region, namely K IA , and the second one to define the stress distribution in the transformed martensitic region near the crack tip, namely K IM . The application limits of the proposed method have been analyzed, by comparing the fracture process zone in SMAs with that of elastic-plastic materials. Subsequently, the effects of the main thermo-mechanical parameters of NiTi alloys have been analyzed by comparison with linear elastic materials. These comparisons show that the austenitic SIF is always greater than linear elastic fracture mechanics predictions, while the martensitic or crack-tip SIF is always smaller, due to the mismatch between Youngs moduli of martensite and austenite. These results indicate that stress induced transformation has a toughening effect, as the fracture always occurs in the transformed martensitic region, i.e. where the stress distribution is completely described by the martensitic SIF. Furthermore, this toughening effect is greater when decreasing the transformation strain, e L , and when increasing the transformation stress, r tr . Finally, the effects of temperature on a commercial superelastic NiTi alloy have been investigated and a variation of both SIFs has been highlighted, due to the increased transformation region with decreasing the temperature, as a direct consequence of the Clausius-Clapeyron relation. Future experimental studies should be carried out to validate the predictions of the proposed model under several stress-temperature loading conditions. 
